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Abstract. We propose the Legendrian web in a contact three manifold for a second order generalization of the 
planar web. An Abelian relation for a Legendrian web is analogously defined as an additive relation among the first 
integrals of foliations. For a class of Legendrian d-webs defined by simple second order ODE's, we give an algebraic 
construction of pd = {d-r)(d-2){2d+3) j^j^g^j-jy independent Abelian relations. We then employ the method of local 
differential analysis and show that pd is the maximum rank of a Legendrian d-web. 

The structure equations for the Legendrian 3-webs of maximum rank three are determined, and their explicit local 
normal forms are given. For an application, we give an alternative characterization of a Darboux super-integrable 
metric as a two dimensional Riemannian metric g+ that admits a mate metric such that a Legendrian 3-web 
naturally associated with the geodesic foliations of the pair g± has maximum rank. 



1. Introduction 

A d-web of codimension v in a. manifold is a set of d foliations by submanifolds of codimension v whose d 
tangent spaces are in general position at each point, lITOl . Owing to the basic nature of definition, the web structure 
can be found in diverse areas of differential geometry, flll lfTBlllfnilfTSllllTl lfTlllBOl. 

As pointed out by Chern in the survey [13], Lie's theorem on the surfaces of double translation can be restated 
in web geometry terms that a planar 4-web of curves of maximum rank three(see below) is algebraic, which is 
also related to a particular case of the converse of Abel's theorem. For an example in projective geometry, the 
classical Chasles' theorem on the intersecting cubics is linked with the hexagonality of algebraic planar 3-webs. 
According to [1], a three dimensional semi-simple Frobenius manifold carries a family of characteristic hexagonal 
planar 3-webs. Planar 3-webs also naturally arise as the asymptotic webs of Legendrian surfaces in the projective 
space [301. Although in a possibly different context, the author's own interests in web geometry originated 
from the Gelfand & Zakharevich's work on the Veronese webs attached to bi-Hamiltonian systems, [18|. Much 
of the developments of web geometry up until 1930's are recorded in the Blaschke & Bol's book "Geometric der 
Gewebe", |l2l. For the more recent literature on the subject, we refer to |[T7lll27l and the references therein. 

Let W be a d-web of codimension u. Since a single regular foliation (of any fixed codimension) in a finite 
dimensional manifold has no local invariants, the local geometry of W lies in the relative position among the d 
foliations. A pertinent notion in this aspect is the. Abelian k-relation( equation), 1 < k < u, which represents the 
additive relation among the closed basic A;-forms with respect to each foliationsO The set of Abelian A;-relations 
of W naturally form a vector space, and the k-rank of W denoted by r'^iW) is the dimension of the vector space 
of its Abelian /c -relations. The sequence of numbers r^CW), k = 1, 2, ... v, is the basic invariant of a web. 

The /c-rank of a d-web of codimension v is not arbitrary. There generally exists an optimal bound determined 
in terms of k, d, u, and the dimension of the ambient space, [iril [il9il . It is a classical result of Bol that the 
maximum rank(l-rank) for a planar d-web is i^tiD^tzU^ which is the well known genus bound for a degree d 
plane algebraic curve, |Q. Chem in his thesis generalized this and showed that the maximum rank for a d-web of 
codimension 1 is equal to the Castelnuovo bound for a degree d algebraic curve, lfT2l . 
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Figure 1.1. Projective duality 

The idea behind these results is the projective duality, Fig. ll.ll and the corresponding Abel's theorem, [ IJllO A 
degree d curve S C (P")* induces by the standard dual construction an associated d-web of hyperplanes Ws in 
P". By Abel's theorem, the trace of a holomorphic 1-form on S gives an Abelian relation for Ws- The dimension 
of the subspace of such algebraic Abelian relations for We is then bounded by the Castelnuovo bound for an 
algebraic curve. 

With this background geometry, the results of Bol, and Chem admit the following interpretation. The vector 
space of Abelian relations (for a web of codimension 1) is by definition the space of solutions to a linear differential 
system for the sections of a direct sum bundle canonically associated with a web. The differential system is 
generally over-determined, see Section |2l It is not difficult to imagine that such a uniform rank bound, if exists, 
is determined entirely by the symbol of the linear differential system. The results of Bol, and Chem indicate that 
even when one considers the general webs of codimension 1, and not just the kind of algebraic webs Ws described 
above, the relevant symbol of the linear differential system for Abelian relations is isomorphic in an appropriate 
sense to that of the algebraic webs. The canonical linear differential system for Abelian relations does not get any 
more over-determined in symbol-wise when one extends the category from algebraic webs to general webs. 

We shall consider in this paper a generalization of web geometry to the geometric situation where the foliations 
are subject to a first order constraint. Let X be a. three dimensional manifold. A contact structure on X is a 
2-plane field V C TX locally defined by P = ( )-*- for a 1-form 9 that satisfies the non-degeneracy condition 
d6 A 6 ^ 0. Given a contact structure, a Legendrian curve is an immersed D-horizontal curve. A Legendrian 
d-web is a set of d pairwise transversal foliations by Legendrian curves. The Pfaff-Darboux local normal form 
theorem for contact structures shows that a Legendrian d-web is locally defined by a set of d second order ODE's. 

Recall that a planar d-web is a set of d transversal foliations by curves on a two dimensional manifold, which 
is locally defined by a set of d first order ODE's. The purpose of this paper is to propose the Legendrian web in a 
contact three manifold for a second order generalization of the planar web. An Abelian relation, which represents 
an additive functional relation among the first integrals of foliations, is analogously defined for the Legendrian 
web. The rank of a Legendrian web is the dimension of the vector space of Abelian relations. 

In analogy with the discussion above, the complex algebraic model for our investigation is the duality associated 
with the symplectic group Sp2C, Fig. ll.2l Here the 3-quadric is the space of Legendrian lines in P'^, and dually 
P^ is the space of null lines in with respect to the Sp2C invariant contact, and conformal structures respectively. 
Z is the incidence space, HI. Consider a degree 2d analytic surface S C Q'^ C P^. Then generically S intersects 
a null line at d distinct points, and it induces by duality an associated d-web Ws of Legendrian lines on an open 
subset of P'^. This suggests to consider a Legendrian d-web as a generalized degree 2d surface in Q'^ C P^. 

Let n be a closed meromorphic 1-form on S. In consideration of the Abel's theorem, one may insist that 
is holomorphic when the trace (vri)* o (7r2)*fi vanishes^ By definition of the trace, such a closed holomorphic 
1-form gives rise to an Abelian relation for Ws- An Abelian relation for a Legendrian d-web can therefore be 
considered as a generalized closed holomorphic 1-form on a degree 2d surface in C P*. 

One of the initial motivations for the present work came from the observation that the bound for the rank of a 
Legendrian d-web would imply the Castelnuovo type bound for a degree 2d surface in Q^; determining the rank 



Many of the arguments and results in web geometry hold both in the real smooth, and the complex analytic categories. Let us argue 
here in the complex analytic category. 

The relevant technical details are being ignored here. Since we are attempting to define holomorphic objects on generally singular 
surfaces, there are a few different choices, L20J . Note also that a holomorphic 1-form on a smooth surface is necessarily closed. 
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Figure 1.2. Projective duality associated with Sp2C 

bound by a direct local analysis of the linear differential system for Abelian relations, one may derive conversely 
a global Castelnuovo bound for the analytic surfaces in Q^. 

Main results. 

1 . We give an algebraic construction of (^~i)('^~2)(2(j+3) jjj^g^j-jy independent Abelian relations for a class of 
simple Legendrian webs, Section [3l 

2. The maximum rank of a Legendrian d-web is 

(d-l)(d-2)(2d + 3) 

(i-i) Pd = • 

b 

3. We give a local analytic characterization of the Legendrian 3- webs of maximum rank threej^ and determine 
their local normal forms. Proposition |5.6[ Theorem 15.91 We give an alternative characterization of a Darboux 
super-integrable metric in terms of a Legendrian 3- web associated with its geodesic flow. Theorem 15. 181 

In addition to the works of Bol, and Chern cited above, Chern & Griffiths determined the bound for the v-rank 
of the webs of codimension in a manifold of dimension vm, ifTTl . Henaut further generalized Chern & Griffiths' 
bound to the bound for the /c-rank for 1 < k < v. We refer to |[T4l 1221 ll26l |[28l for the related works on the webs 
of maximum rank. Main results can be considered as a partial generalization of these works to the Legendrian 
web. 

The rank bound in Main result 2 calls for the study of the corresponding extremal degree 2d surfaces in Q'^ 
with pd holomorphic 1 -forms. 

The paper is organized as follows. In Section 11.11 we review the basic results on the contact structure on a 
three dimensional manifold. In Section [2l the main subjects of the paper are introduced, Legendrian webs and 
Abelian relations. In Section |3l we give an algebraic construction of linearly independent Abelian relations for 
a class of Legendrian d-webs, (13. lb . Theorem 13.31 Section |4] contains the main technical part of the paper. We 
first determine the infinite prolongation of the structure equation for the first integrals of a Legendrian foliation. 
Lemma 14.121 The prolonged structure equation is applied to the defining additive equation of Abelian relation, 
and yields an infinite sequence of higher order compatibility equations, Lemma l4. 171 Two different approaches to 
the proof of rank bound are proposed. An analysis of a part of the symbol of the compatibility equations shows 
that the proof of rank bound can be reduced to checking that a sequence of integer matrices are non-degenerate 
in a strict sense. Theorem 14.241 The rank bound Theorem 14.371 is obtained by examining the whole symbol of 
the compatibility equations with respect to the Abelian relations constructed in Section [3] In Section [51 we give 
an analytic characterization of the Legendrian 3-webs of maximum rank three. Proposition 15.61 Theorem 15.91 
We apply this to the Legendrian 3-webs associated with a pair of Riemannian metrics. Section 15.21 We give an 
alternative characterization of a Darboux super-integrable metric in terms of a Legendrian web associated with its 
geodesic flow. Theorem 15. 181 In Section |6l we give three remarks on the related problems. Appendix contains the 
Maple code to check our claim on the non-degeneracy of a sequence of universal integer coefficient matrices. 

We assume the real smooth category. The analysis and results are valid within the complex analytic category 
with minor modifications. All of the arguments in this paper are local. 

The over-determined PDE machinery are used throughout the paper without specific reference. For the standard 
reference, we cite ll3l ll2Tl . 



^ The maximum rank of a 3-web of curves in a three dimensional manifold is five, 12, Section 36, 37]. 
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We shall frequently use the following property of a Vandermonde matrix; given a set of d distinct numbers 
g", a = 1, 2, ... d, the Vandermonde matrix ( Vjf) = ( {q^'f^^Y^ {,=1 has full rank. 

1.1. Contact three manifold. In this section, we record the Pfaff-Darboux local normal form theorem for contact 
structures on a three dimensional manifold. The Pfaff-Darboux theorem is a basic structure theorem which gives a 
local uniformization of contact structures. For our purpose, it provides an analytic representation of a Legendrian 
web in terms of a finite set of second order ODE's for one scalar function of one variable. 

Let X be a three dimensional manifold. Let TX — )■ X be the tangent bundle, and let T*X — )■ X be the 
cotangent bundle of X. 

Definition 1.2. A contact structure on a three dimensional manifold X is a 2-plane field T) C TX such that it is 
locally defined by V = { 9 )^ for a 1-form 9 that satisfies the non-degeneracy condition 

(1.3) d9A9^0. 

The contact line bundle C C T*X is the dual line bundle C = V^. A contact three manifold is a three dimensional 
manifold with a given contact structure. A (local) contact transformation of a contact three manifold is a (local) 
diffeomorphism which preserves the contact structure. 

The contact three manifold in the following example will be used repeatedly for the rest of the paper. 

Example 1.4. The standard model of a contact three manifold is the first jet space J^(M, M) of real valued 
functions on M. Let x be the coordinate of M, and let y, p denote the real valued function y of x, and the 
first derivative P = ^ respectively, {x, y, p) is the standard coordinate of J^(R, R). The contact line bundle is 
generated by the canonical contact 1-form 

(1.5) 9 = dy — pdx. 

Consider the contact transformation (x, y, p) — )• (p, y — px, —x). The full group of contact transformations is 
strictly larger than the group of transformations of J^(M, M) induced by the point transformations, (x, y, p) — )■ 

There exists a distinguished class of curves on a contact three manifold. 

Definition 1.6. Let X be a contact three manifold with the contact structure T> C TX. A Legendrian curve is an 
immersed T>-horizontal curve. 

From the non-degeneracy condition ( 11.31) . it is clear that there do not exist immersed P-horizontal surfaces. 

Example 1.7 (continued from Example U.4i . By definition of the canonical contact 1-form (11.51 ). the first jet graph 
(x, y = f{x), p = f'{x)) C J^(M, M) of an arbitrary real valued function f{x) is a Legendrian curve. 

The following Pfaff-Darboux local normal form theorem states that a Legendrian curve in a contact three man- 
ifold is locally isomorphic to Example 1 1.7 1 

Pfaff-Darboux local normal form Let X be a contact three manifold. Let xq €z X be a reference point. There 
exists an adapted local coordinate {x,y,p) of X in a neighborhood of xq such that the contact line bundle is 
generated by 

(1.8) C = (dy-pdx). 

Let J ^ X be a Legendrian curve through Xq. Then the adapted local coordinate {x,y,p) can be chosen such 
that 



{x,y,p) = (0,0,0), at xq, 
(2/,p) = (0,0), along 7. 
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Proof. The existence of an adapted coordinate {x, y, p) for dl.SI ) is well known, [31 p38]. Given the reference 
point xo G X, let (x, y, p)|xo = {xq, yo, Po)- From 

dy - pdx = d{y - pox - yo + Po^o) - {p - Po)d{x - xq), 

one may take (x, y, p) = {x — xq, y — pqx — yo + PqXq, p — po) as the desired coordinate adapted at xq. 

Let (x, y, be a coordinate system adapted at xq as above. Given a Legendrian curve 7 through xq, there are 
three cases (they are not mutually exclusive). 

• case dx\^ 7^ at xq. 

Let 7*y = f{x), ^*p = f'{x) locally in a neighborhood of xq. From dy—pdx = d{y — f{x)) — {p — f'{x))dx, 
one may take (x, y, p) = (x, y — /(x), p — f'{x)) as the desired coordinate adapted along 7. 

• case dy\^ / at xq. 

One may first translate (x, y, p) — )■ (x, y + x, p + 1) so that (x, y, p)|xo = (0, 0, 1). The contact 1-form 
dy — pdx can then be written as dy — pdx = —p{dx — ^dy). By interchanging x and y, and up to a translation 
similar as above, this is reduced to the first case. 

• case dp\^ 7^ at xq. 

Under the contact transformation (x, y, p) {p, y — px, —x) in Example 1 1.4[ this is reduced to the first case. 

□ 

The Pfaff-Darboux local normal form theorem reflects the ampleness of the local group of contact transforma- 
tions. We will see in the next section(Lie's theorem) that the local group of contact transformations is in fact large 
enough to normalize not just a single Legendrian curve but a foliation by Legendrian curves. 

2. Legendrian web 

In this section, we introduce the main subjects of this paper, Legendrian web and its Abelian relations. In 
Section 12. 1[ a Legendrian web is defined as a finite set of foliations by Legendrian curves. In Section 12.21 an 
Abelian relation for a Legendrian web is defined as an additive relation among the first integrals of the foliations. 

We continue the analysis of Section [TTTl 

2.1. Legendrian web. 

Definition 2.1. A Legendrian d-web on a contact three manifold is a set of d pairwise transversal foliations by 
Legendrian curves. 

Let X be a contact three manifold. Let lA^ be a Legendrian d-web on X. Let C C T*X be the contact 
line bundle, and let X" C T*X, a = 1, 2, ...d, be the d dual rank 2 sub-bundles which define W. From 
the transversality condition, Z'^ r\ = C for: a ^ b. By the Pfaff-Darboux local normal form theorem, after 
modifying the adapted coordinate (x, y, p) if necessary as was done in the proof of the theorem in Section [TTTl 
there exist an adapted local coordinate (x, y , p) of X and a set of d functions q°-{x,y,p), a = 1, 2, ...d; q"- q'^ 
for a b, such that 

Z"" = {dy — pdx, dp — q"" dx), a = l,2,...d. 
The geometry of a Legendrian d-web W is thus locally equivalent to the geometry of a set of d second order 
ODE'S 

(2.2) y" =q''ix, y, y'), a = 1, 2, ...d, 

up to contact transformation. 

Example 2.3. A theorem of Lie states that a second order ODE for one scalar function of one variable is locally 
equivalent to the equation y = up to contact transformation, 1125 1 . The corresponding rank 2 sub-bundle Z is 
generated by Z = {dy — p dx, dp ). Under the contact transformation (x, y, p) (p, y — px, —x), one gets 

Z = { dy, dx). 

Lie's theorem implies that a Legendrian 1-web is locally equivalent to the foliation by the fibers of the natural 
projection Ji(M, M) J°(M, M) ~ M^. 
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Since a contact transformation that preserves these fibers of the projection is locally induced from a point 
transformations of R^, it follows that the geometry of a Legendrian d-web is locally equivalent to the geometry of 
a set of d — 1 second order ODE's up to point transformation. In this respect, Cartan's work (9) on second order 
ODE's can be considered as a study of Legendrian 2-webs. Considering the main theme of the paper, the Abelian 
relations for a Legendrian web, we shall restrict our attention to the case of Legendrian d-webs for d> 3, see the 
argument below Definition l2.7l 

Let us introduce a geometrical construction for Legendrian webs. 

Example 2.4. Let J^{R, M) —?■ J°(R, M) ~ M? be the natural projection from the 1 -jet space J^(M, M.) equipped 
with the canonical contact structure. Let {x, y, p) be the standard adapted coordinate of J^(M, M) so that the 
projection map is given by {x, y, p) — )• {x, y), Example \L4\ Consider a two parameter family of curves in M^, 
each of which is locally a graph of a function y = y{x). Assuming this family of curves are sufficiently generic to 
second order, it is clear that their Legendrian lifts (x, y{x), y'{x)) to J^(M, M) define a Legendrian foliation on 
an open subset of J^(M, M). 

Example 2.5 (continued). Let { p^ , p^ , ■ . ■ p'^ } C M."^ be a set of d distinct points. Consider for each p" the two 
parameter pencil of y as quadratic polynomial of x based at p". A set of d distinct points in M? in this way give 
rise to a Legendrian d-web on an open subset of J^(R, M). 

Example 2.6 (continued). Let {p^, p^, p'^ } C M? be a set of three distinct points. In addition to the quadratic 
pencil 3 -web based at these points in Example 12.51 one may consider the Legendrian foliation induced by the two 
parameter family of conies through the three points. A set of three distinct points in in this way give rise to a 
Legendrian 4-web on an open subset of M). It is a Legendrian analogue ofBol's exceptional 5-web, 11141 . 

2.2. Abelian relation. In planar web geometry, the projective duality suggests to consider a planar d-web as a 
generalized degree d plane curve. An Abelian relation for a planar d-web formally corresponds to a holomorphic 

1- form through Abel's theorem, [10]. 

We follow this line of idea and give a definition for the Abelian relation of a Legendrian web. 

Definition 2.7. Let X be a contact three manifold. Let W be a Legendrian d-web on X. Let I"" C T*X, a = 
1, 2, ... d, be the dual rank 2 sub-bundles which define W. An Abelian relation of W is a d-tuple of 1-form^ 
{Q}, ...Q.'^), e C^iZ"), such that 

(2.8) df]'' = 0, a = l, 2, ...d, 

(2.9) E6f^' = 0. 

The vector space of Abelian relations of W is denoted by AiW). The Rank of a Legendrian web W is the 
dimension of AiW). 

A Legendrian 1-web has rank zero by definition. Consider a Legendrian 2- web defined by a pair of sub-bundles 
j-a ^ rp*-^^ a = 1, 2. Let {Q}, n'^) be an Abelian relation. Q} + = ^ and, since n = Q, Q} must be 
a multiple of a contact 1-form. The defining equation dil^ = then forces il^ = il^ = 0. Hence a Legendrian 

2- web also has rank zero. Abelian relation has a meaning for Legendrian d-webs for d > 3. 

The differential equation for Abelian relations (12.81 ). (12.91 ) is a linear differential system for the sections of the 
direct sum bundle ©J^^j^X''. A computation for the case d = 3, 4 shows that it is over-determined, and one 
suspects that a generic Legendrian web has rank zero. The Legendrian webs we are interested in are those with 
many nontrivial Abelian relations. Moreover in this case, it turns out that the vector space AiyV) inherits rich 
geometric structures from the layered feature of the integrability equations for (I2.8I ). (I2.9I ). Section |4] 

In the opposite direction, it is not obvious if the rank of a Legendrian web is finite (for example, the characteristic 
variety argument in [3, p285] does not directly apply to Legendrian webs). One of the fundamental problems 
regarding the Abelian relation of a Legendrian web therefore would be to determine an effective bound on the 



In order the remove the ambiguity of adding by constants, we adopt here the differentiated version of first integrals, see the remark 
below Theorem [33] 
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rank, if such a bound exists. We shall present an argument in Section |4] that the expected maximum rank of a 
Legendrian d-web is pd = ('^~^)('^~^)(^'^+^) _ 

The following example shows that the Legendrian webs with at least one Abelian relation exist in abundance. 

Example 2.10. Let X be a contact three manifold with the contact line bundle C C T*X. Let Wo be a Legendrian 
d-web (d>2) defined by the d rank 2 sub-bundles X°- C T*X, a = 1, 2, ... d. Let G C°°{Z"-) be a closed 1- 
form, a = 1, 2, ... d. Assuming that ft"''s are sufficiently generic, define another rank 2 sub-bundle X'^^^ C T*X 
by X'^^^ = C © ( 'Ylih ^ )• -^^^ + 1 rank 2 sub-bundles X^ C T*X, o = 1, 2, ... d + 1, define a Legendrian 
[d + l)-web which by construction has at least one nontrivial Abelian relation. 

3. Legendrian d-WEBS with = independent Abelian relations 

In this section, we give an analysis of the Abelian relations for the Legendrian d-web W which is locally 
defined by the simple second order ODE's (13.11 ). An algebraic consideration leads to pd linearly independent (un- 
differentiated) Abelian relations, each of whose components are polynomials in the natural adapted coordinate of 
J^(M, M). The analysis in Section |4] will show that these account for all the Abelian relations of W and W has 
rank p^. 

Let X = J^(R, R) equipped with the canonical contact structure. Example 11.41 Let (x, y, p) be the adapted 
coordinate so that the contact line bundle C = {dy — pdx ). Consider a Legendrian d-web W on X defined by 
the following set of second order ODE's; 

(3.1) 2/" = 9", a = 1, 2, ...d, 

g"'s are distinct constants. 

The corresponding rank 2 sub-bundles of T*X are defined by 

(3.2) X" = {dy-pdx, dp-q^dx), a = l, 2, ...d. 
We claim that W has at least p^ linearly independent Abelian relations^ 

Theorem 3.3. Let X = J^(IR, M) be the 1-jet space of real valued functions on M equipped with the canonical 
contact structure. Let W be the Legendrian d-web on X defined by the second order ODE's (13. lb . d > 3. Then 



W has at least p^ = ('^ ^)('^ 2){2d+?,) ^j^^^yiy independent Abelian relations, and the rank of >V is bounded below 
by Pd- 

The proof of theorem consists of the following four steps. In the first three steps, we construct p^ Abelian 
relations. In the last step, we show that they are linearly independent. 

Let us indicate here a minor technical point for the analysis in this section. An Abelian relation for W, (13.11) . is 
by definition a d-tuple of closed 1-forms (17^, 17^, ...Q.'^), Q."- G C°°(X"). Fix a reference point xq = (0, 0, 0) € 
X, and let h"" be the unique local anti-derivative d/i" = 0" in a neighborhood of xq such that /i"(xo) = 0. It is 
clear that this defines an isomorphism from ^(W) to the space of local un-differentiated Abelian relations, which 
consist of d-tuple of respective first integrals ( /i^, /i^, ...h'^) vanishing at xq that satisfy the additive functional 
relation hf' = 0. We shall freely use either of these equivalent forms as convenient. 

Step 1. Universal first integrals 

Consider the second order ODE 

(3.4) y" = q, 

where q is an indeterminate constant. We wish to construct the first integrals for (13.41 ) which are polynomials in q 
of the form 

(3.5) h{q) = ho + hiq + h2q^ + ... h^-i q"'-\ 
such that /i(g)|xo = 0. 



' See Section|4]for the derivation of 
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Set the three first integrals for ( I3.4I ) that are hnear in q; 



(3.6) ul = {y-px) + q—, 

u\ = p — qx, 

3 P"^ 

Inductively define w™^^ for m > 3, < j < 2m — 2, by 

uf+' = uluf, j = 0,1, ...2m -A, 

m+l _ 3 m 
"2m-3 ~ "2 "2m-5' 

m+l _ 3 m 
"2m-2 — "2 "2m-4- 

One has the formula 

(3.7) uf+' = {uly^ {uly^ {4y\ O < j < 2m - 2, 
where the indices (jo, ji, 32) are uniquely determined by 

(3.8) k+ji+j2 = m-l, 

h, 32 > 0, ji = 0, or 1, 

i = 0-jo + l-ii + 2-j2. 

Since these are polynomials in { Uq, uf, U2}, they are all first integrals for (13.41 ). 
Assign the weights 

weight(x, y, p, q) = (-1, 0, 1, 2) 
respectively, and extend them to the polynomials in an obvious way. Let be the polynomial ring in the 

indeterminate q. 

Lemma 3.9. 

a) li™^^ is homogenous of weight j, and the set of elements { u^^^ }j=o"^ ^''^ linearly independent over M as 
M[ q ]-valued functions. 

b) u^^^ has degree m — 1 in q, and the two sets of elements { uj^^^ }'j=o'^ { '^f }j=o~^' 7^ 
are linearly independent over M as M.[q]-valued functions. Hence the set of elements Uj^^2 { ^j"^^ }j=(r^ '^^^ 
linearly independent over M.as M[q]-valued functions. 

Lemma follows from the construction of u^'^^. We shall omit the proof. 
The following refined linear independence property will be used in Step 4. 

Lemma 3.10. Let u be a finite linear combination of the elements in U^^2 { ^J^^^ Ij^o"^- V ^{qo) = for a 
constant qo, then u = 0. 

Proof. Note that u^^^ = y-'°P^^{^ — QuV^, mod x, where (jo, ji, j2) is determined by (13.81) . Evaluating at 
q = qo, the highest weight term of uj^^^ mod x (forgetting the weight of q) is yiopji+'^h _ From (13.81) . since 
ji = 0, or 1, the associated index map (m; j) — )• {jo, j = ji + 2j2) is injective. Lemma follows from this by 
applying induction on decreasing weights. □ 

Step 2. Abelian relations 

Let q' = {{q^)\ ((?^)^ ... {q'^Y) denote a vector in for I = 0,1, ...d — 2. Vandermonde identity implies 
that there exists a linearly independent set of vectors = {v'^, vi^, ... ,v^), /i = l, 2, ...d — 1, such that 

(3.11) {vl^,(() = Y^v''A(f)' = fox 1 = 0,1, ...d- ^JL-l. 
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Take an element h = u™"*"^ 

it is a polynomial of the form h{q'') = ho + hiq" + /i2 (g")^ + ... , h^-i {q 
m — 1 in q. Then for each u^, 1 < fi < d — m, the d-tuple of first integrals 



, m < d — I, and consider the first integral h{q"-) for X", (I3.2I ). By definition of 

which is of degree 



a\r?i— 1 



(3.12) 



gives an (un-differentiated) Abelian relation for W (the sum of the components vanish by ( 13.1 11 1). 



W. 



In summary, each for 2 < m < d — 1 and < j < 2m — 2, gives rise to d — m Abelian relations for 



Step 3. Decomposition of pd 

The preceding analysis suggests the following decomposition of p^. 



(3.13) 



P3 
PA 
P5 
P6 



1 ■ 3 

2 -3 + 1 -5 

3 -3 + 2 -5 + 1 -7 

4 -3 + 3 -5 + 2 -7 + 1 -9 



Pd-. ((i-2)-3 + (d-3)-5 + (d-4)-7 ... +l-{2d-3). 

The set of universal first integrals { uY~^^ }j=(7^ for m = 2, 3, ... , are identified with the diagonal entries 1-3, 1 • 
5, 1-7, 1-9, ... , in the above decomposition. The entries on the columns below the diagonal are identified with 
those generated by the appropriate vectors v^, (I3.11I ). (I3.12I ). One may check that this yields the correct formula 
for Pd. 

Step 4. Linear independence 

From Step 2, the given pd Abelian relations are 

for 2 < m < d - 1, < j < 2m - 2, 1 < ^ < d - m. 



(3.14) 



Suppose for a set of coefficients ^ a linear combination ^j^. ^ j cPm; fi T™' ^ 



0. For each a = 1, 2, ...d, 



m; J 



By Lemma 13.101 this imphes J2m-j ( X^/i c}n;nVa) u^^^ = 0, a = 1, 2, ... d. By Lemma ll!9l this impUes for 
each m; j that J2^^rn;^iVa = 0, a = 1, 2, ...d. The linear independence of the vectors = {v^, vt^, ■■■v^), 
(13.111 ). then forces dn.;fi = 0- □ 



4. Maximum rank of a Legendrian web 

In the last section, we gave an algebraic construction of the Abelian relations for a particular class of Legendrian 
webs. In this section, we give an analysis of the linear differential system for Abelian relations of the general 
Legendrian webs. As a corollary, we show that the rank of a Legendrian d-web is bounded by pd- 

The idea is to successively differentiate the defining equations ( 12.81 ). (12.91 ) for Abelian relations, and to analyze 
the higher order compatibility equations. We present two different analysis of these compatibility equations. The 
first analysis shows that the linear differential system for Abelian relations of a Legendrian d-web closes up at 
weight d — 2, provided that an associated sequence of universal integer coefficient matrices are non-degenerate 
in a strict sense. Theorem 14.241 The second analysis shows that this linear differential system closes up at depth 
2d — 4, and the rank is bounded by pd, Theorem 14. 37 1 See Definition |4S] for the definition of weight, and depth. 
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Let us give an outline of the analysis. Given a Legendrian d-web, we first determine the infinitely prolonged 
structure equation for the first integrals of each Legendrian foliation, Lemma 14.121 The structure equation is ap- 
plied to the defining additive equation of Abelian relation, and one obtains a sequence of higher order compatibility 
equations. Proposition 14.171 The prolonged structure equation, and the sequence of compatibility equations lead 
to the three filtrations of the infinite jets of an Abelian relation by weight\j height, and depth. An examination of 
the compatibility equations according to this triple filtrations shows that the aforementioned sequence of integer 
coefficient matrices represents in a way a part of the symbol of the prolonged linear differential system for Abelian 
relations, and Theorem 14. 241 follows from the general theory of over-determined PDE. The rank bound in Theorem 
|4.37| is obtained by examining the symbol as a whole with respect to the known Abelian relations from Section [3] 

Throughout this section, we shall not use the summation convention on repeated indices, and instead use the 
summation sign. 

4. 1 . Structure equation. 

4.1.1. Prolongation. We continue the analysis from Section 12. II 

Let W be a Legendrian d-web on a contact three-manifold X. Let (x, y,p) be an adapted local coordinate of 
X so that W is defined by the d second order ODE's (12.21 ). The corresponding rank 2 sub-bundles of T*X are 

(4.1) Z°' = {dy - pdz, dp - q"-{x,y,p)dx), a = l,2,...d, 

where q°- / for a b. 
Set 

(4.2) e = dy-pdx, 

9'' = dp- q" dx, a = l,2,...d, 

and let 

(4.3) J^'^ = /iV" + /o"i^, a = l, 2, ...d, 

denote a section of X" for coefficients { ff^, /q^ }a=i- 

The vector space of Abelian relations ^(lA^) is by definition the space of solutions to the linear differen- 
tial system (12.81 ). ( 12.91 ). It is written as a system of first order linear differential equations for the coefficients 
{/fo, /oilti as follows. 

(4.4) (d/fo + USi + q;fw)dx) A ^ + {dfg, + q^ftodx) A = 0, a = 1, 2, ... d, 

(4.5) E/i'o = 0, E9% = 0, 

E/oi = 0. 

Here q^, qy denote the partial derivatives. 

We shall determine the infinite prolongation of (14.41 ). By Cartan's lemma, there exist the derivative coefficients 

{/l0>/fl./02}a=l such that 

(4.6) d/fo = fSoO^ + /fi e - ( fSi + rfo) dx, 

dfSi = fiiO^ + fS20-{ rS,)dx, a = l,2,...d, 

where rf^ = qp^^, rg^ = g^/f^. Note the identity rf^, rg^ = mod /^q. 

By Cartan's lemma again (or equivalently since mixed partials commute), it is clear that one may inductively 
define { ff- for i, j > 0, (ij) / (0 0), by 

(4.7) = + mod dx. 
Note that 

d d 



^ The 'weight' in this section is different from the weight used in Section[3] 
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Figure 4.1. Ty for the case (ij) — (31): upper-left chamber. 

A node with (ij) on top represents the set { /j° }a=i- The weight increases as one moves to the right, 
the height increases as one moves upward, and the depth increases as one moves to the lower-right. The 
chamber consists of the /"y's represented by the node {i'j') which lies in the upper-left chamber 
bounded by the vertical weight line, and the slant depth line. 

Set = for i < 0, J < 0, or (ij) = (0 0). 

In order to facilitate the computation, let us introduce the following three filtrations for the coefficients fij's- 

Definition 4.8. Let {ftj}i=i; i, j > 0,{ij) / (0 0), be the successive derivatives of the coefficients 
{ /fo' foi Ya=ifor an Abelian relation (I4.3I ). (l44l ). (1431 ). Assign 

(4.9) height(/!5.) = i, 

weight (/JJ.) = ^ + i, 
depth(/;;.) = i + 2j. 

For a finite linear combination of f^j 's, weight(depth) is defined as the maximum weight(depth) of nonzero terms. 

The weight(depth) of an Abelian relation (14.31 ) (or more generally a first integral) is the maximum weight(depth) 
of the associated nonzero derivatives f^j. 

The fundamental chamber Tjj at {ij) is the subset 

(4.10) Tij = { ft,y I weight(/??,,) <i+j, depth(/^^.,) <i + 2j]. 

The subset of elements { /? }^^^ C Tjj are characterized as the dominant coefficients in that they are exactly 
the elements for which the equahties hold in the definition of Tjj. Note by definition the relation (with an abuse 
of notation) 

d_ 

dp 

(this is obvious except the third one, (14.221 )). This inclusion relation will be used implicitly for the rest of this 
section. 

The following refinement of (14.7 b suffices for our purpose. 



(4-11) — Ti, C T(,,+i),, 
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Lemma 4.12. The rough structure equation ( I4.7I ) can be refined to 



(4.13) 
where 
(4.14) 



= 



mod T jj . 



Proof. We apply induction argument on increasing depth, and weight. 
Differentiating (14.131 ) by the Lie derivative Ld_, one gets 

dp 

df{i+i)j = f(i+2)j^'' + f(i+i)(j+i) fi{j+i) 
By the induction hypothesis and (14.111 ). { L_a_T^j } C Hence 



0, mod T 



Differentiating (14.131 ) by the Lie derivative L_a_, one gets 



dy 



«(i+2) 



f(i+l)jQydx. 



By the induction hypothesis, one gets ''"^(j+i) = 0, mod Tj(j_,_x)- 

(14.141 ) now follows from the initial condition (14.61) that t^q, Tq^ = 0, mod Tiq. □ 

4.1.2. Compatibility equations. In this sub-section, we apply Lemma |4. 12l repeatedly to compute the successive 
derivatives of the additive equations (14.51 ). 

There are two preliminaries. Firstly, let us introduce a simplified notation 



The defining equations (14.51 ) are written as 
(4.15) 



(q°, /io> = 0, (qi,/io) = 0, 
(q°, /oi) = 0. 

Secondly, set an cxD-by-cxD integer matrix (cj) for / > as follows. 
(4.16) ci = l, 

c\ = 



for J < 0, or J > -, 



J -^I_2J + l)c'j-\ + c'j-\ 



n 



2J {I -2J)\J\' 



The first few terms are (for J = 0, 1, 2, 3), 



„0 


1 













1 













1 


1 








'i 


1 


3 










1 


6 


3 
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Lemma 4.17. The successive derivatives of the defining equations ( I4.5I ) for the Abelian relations via Lemma [4.12\ 
yield the following sequence of higher order compatibility equations. 

(4.18) Eql^: (q^ /i,) + c( (q^-\ /(i_2)0+i)) - + 4 (q'"^ /(i-2fc)0+fc)) - =0, 

mod T(j_(_i)(j_i) , for < / < i. 

Proof. We apply induction argument on increasing depth, and weight. 

Step 1. Differentiating (14.181) by the Lie derivative La_, and noting that C Tu^i-^j, one gets 

8y dy 

'■ 4) W ■• Mj+l)) + Cl (q^~\ /(j-2)(j+2)) ••• + ci {C\^~'', f(i-2k){j+k+l)) ■■■ = 0, 
mod T(j4.i)j, for < I <i. 

It thus suffices to verify the case j = 0. 

Step 2. Differentiating ( 14.181 ) by the Lie derivative L_a_, and noting that I'_e_T(j^i)(j_i) C {i+2){j-i)' oi^s 
gets 

Eqli+i)j ■■ Cq {q^, f(i+i)j) + c{ (q'^^S ... + 4 (q^"*") /(i-2fc+i)(i+fc)) ..• = 0, 

mod T(j+2)(j_i), for < / < i. 

It thus suffices to verify the case I = i. 

Step 3. Differentiating ( 14. 18b for the case / = i by the Lie derivative L_a_.a_, and noting that 

La_j^pa_T(^ij^i^(j_i) C T(j+2)(i-i), one gets from (|4.22D 

: ((q*+\ + ^ (q\ h^-m+l))) + ((q^ /(.-DO'+d) + - 2) (q*-\ /(.-3)a+2))) 

... 4 ((q^+^~^ /(i+i_2fc)(j+fe)) + "^k) (q*"^/(^-2fe-l)(i+fc+l))) - = 0, 
mod T(j+2)0-i). 

This implies the recursive relation 

J+i _ J 

c^i = (i_2fc + 2)4_i+4, 

(14.181 ) follows from the initial condition (14.151 ). □ 
In summary, Lemma |4. 1 7 1 shows that; 

• as one differentiates, the compatibility equations for Abelian relations propagate in the direction of increasing 
depths, 

• for each fundamental chamber Tjj, there are (i + 1) linear compatibility equations for the dominant coeffi- 
cients {ftj}Li- 

In the next section, we shall give a geometric interpretation of these results. 



4.2. Rank bound - an analysis. In this section, the compatibility equations (14.181 ) are combined in a sequence 
of appropriately layered manner to show that the proof of rank bound can be reduced to the non-degeneracy of a 
sequence of integer coefficient matrices. 
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4.2.1. Overview. Let us first explain our claim. Recall the definition of weight(/? ) = i + j, Definition 14. 8 1 Set 

(4.19) = { I weight(/^.) = w}, 

T^= {/!5.|weight(/!5.)<i^}. 

Our claim in this section is that (symbolically) 

(4.20) = 0, mod J-d_2, 

and the linear differential system for the Abelian relations closes up at weight d — 2. 

Assuming this claim is true, the rank bound is obtained by counting the number of linearly independent elements 
in Td~2- Since = { f^Q, /(J^.^^^, •••/o«,}f=i> (14.181 ) implies that, modulo lower weight terms, there are 
{d — {w + 1)) + {d — w) + ... {d — 1) linearly independent elements. The rank bound is given by 

d-2 

Y,{d-{w + l)) + {d-w)+ ...{d-l) = pd. 

w=l 

Let us point out a possibly unusual phenomenon that this claim entails. In the theory of closed, over-determined 
differential systems, the number of admissible derivatives generally decreases as one differentiates, until it closes 
up at certain order and all the higher order derivatives are expressed as functions of the derivatives up to that order. 
On the contrary in our case the number of linearly independent elements in F^ increases until the differential 
system suddenly closes up at weight d — 2. 

One may explain this by using the filtration by depth rather than by weight. The vector space of Abelian relations 
A{W) is by definition a section of the direct sum bundle (Ba=i'^°'- Consider the projection 

where C is the contact line bundle. Since the components of each elements of ^(W) is a closed 1-form, the 
projection map is injective. This implies that, in order to determine a rank bound, it suffices to analyze the higher 
order derivatives modulo C. In hindsight, this is equivalent to the following elementary fact0 

Let X be a contact three manifold. Let C C T*X be the contact line bundle. Let Z = (Zi, Z2, ... Zy.) be an 
W -valued function on X (here r stands for the rank of W). Suppose it satisfies the equation 

dZ = 0, mod Z] C. 

Then in fact 

(4.21) dZ = 0, mod Z. 

The structure equation in Lemma 14.121 gives a more concrete description. Since differentiating by and 
^ + p-^ is equivalent to differentiating modulo C, one notes the identity 

The differential operators ^ + p-§^ increase the depth by 1 at most. 

Returning to counting the number of linearly independent elements in J-d_2, suppose we filter Fd-2 by depths. 
Then, as one may visualize in the diagram Fig. l4.1[ the number of linearly independent elements of depth 5 
generally increases up to (5 = (i — 2. At this depth, according to our claim, the number of hnearly independent 
elements starts to decrease, until 6 = 2{d — 2) + 2 and the linear differential system closes up. 



This observation is the basis of the proof of rank bound in Section l43 
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4.2.2. Sub-symbol. In order to state the main result of this sub-section, there are two preliminaries. 

Firstly, the analysis of the compatibility equations (14.181 ) requires manipulating the matrices that consist of the 
blocks of Vandermonde-like matrices. Let us introduce a simplified notation for these. Recall the definition of Cj, 
(14.161 ). Let = {{q^Y , {q'^Y , ••• (q'^Y) denote the row vector. Let Vj^'^'^ be the {h - h + l)-by-d matrix 



V 



h,l2 



-J 1 



V 



^ is a standard Vandermonde matrix of size d. 



For example, Vq 

Secondly, the analysis will show that the condition for such a generahzed Vandermonde matrix to be non- 
degenerate is equivalent to that a set of matrices with Cj's as components are non-degenerate in a strict sense. 

Definition 4.23. A square matrix is strongly non-degenerate when each of its upper-left corner square sub- 
matrices, including the matrix itself is non-degenerate. 



The typical example of a strongly non-degenerate matrix is a Vandermonde matrix. 
Let us now state the main result. 

Theorem 4.24. Let Cj be the integer sequence defined by (14.161 ). The linear differential system (14.41 ). (14.51) for 
Abelian relations of a Legendrian d-web on a contact three manifold closes up at weight d — 2, and the rank is 
bounded above by = ('^ ^)('^ 2)(2d+3) ^ provided that the following set of matrices are strongly non-degenerate. 



(4.25) 



/ ci 


„d 
^2 




r,d 

'-d-2 

c'^-^ 


'^d-1 \ 

c'^-^ 


V ■• 






r3 
^1 

^0 


4 

4 J 


4 


^2 




'-d-1 ] 
f,d 

'-d-2 




V ••• 






4 I 





2d- 3 „2d-3 
'-d-2 '-d-l 
2d-4 „2d-i 



■d-3 

2d-2 
d-1 ■ 



-d-2 



Proof. Throughout the proof, it is helpful to consult the diagram Fig. l4. 1[ 

Recall the notations in Section |4.2.1| The claim is that F^-i = { /(^_i)o' /fd-2)i' K{d-i) }a=i determined 
by Td-2 via the compatibility equations (14.181 ). We shall apply an induction on increasing depth. 

Depth d-1. Consider { /(^_i)o }a=i- <I4.18I) imphes that they satisfy d equations 

(4.26) ( ci q^ /(rf_i)o ) = 0, mod Td-2 (since T^(_i) C J'd-2), < I < d - L 

Taking /(d_i)o = ( 1^^-1)0^ ■/'(d-i)O' ••• f(d-i)o )* ^ column vector, the claim is that the d-hy-d matrix Vq''^^^ 
is non-degenerate. Cq = 1, and Vq''^^^ is a Vandermonde matrix, and hence non-degenerate. 
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Depth d. Consider { /^q, /(^_2)i }a=i- dSD implies that they satisfy 2d equations 

( cW, fdo)+ { cW'\ f(d-2)i ) = 0, mod 0<I<d, 

(cW, f{d 



-2)1 



(since T(rf+i)(„i) c Td-2 by Depth d-1) 
0, mod Td-2, 0< I <d-2, 
(since T(^d~i)o ^ J'd-2 by Depth d-1). 



After some row changes, the claim is that the following 2d-hy-2d matrix is non-degenerate. 



1 



V 



04-2 



d,d 



d,d 



where '•' denotes matrix. 

An elementary row operation shows that this matrix is non-degenerate when 



(4.27) 

We assume this from now on. 



Depth d+1. Arguing similarly as above, one may verify that, after some row changes, the claim is equivalent 
to that the following 3d-hy-3d matrix is non-degenerate. 



Vr 



0,d-l 







Vr 



0,d-l 
1 



d,d+l 



Vr 



0,d-3 


d,d+l 



The d-hy-d sub-matrix V^''^ ^ in the center is non-degenerate by Depth d-1. Elementary row operations show 
that this matrix is non-degenerate when 



(4.28) 



det 



,d-l d-l 



Note that the previous non-degeneracy condition ( 14.271 ) can be combined with ( 14.281) to imply that the two matrices 
in ( 14.281 ) are strongly non-degenerate. We assume this from now on. 

Depth d+2. Arguing similarly as above, one may verify that, after some row changes, the claim is equivalent 
to that the following Ad-hy-Ad matrix is non-degenerate. 

^yO,d-l 



d,d+2 



T/0,d-l 


^2 




T/0,rf-l 


yO,d-l 


^2 




Tr0,d-2 


y0,d-2 




■trd4 


Trd4 

^2 
T/0,d-4 


Trd,d+2 
^1 


Trd4+2 

^2 


yd,d+2j 
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Figure 4.2. Node diagram for the case d 



4. 



The 2d-hy-2d sub-matrix in the center is non-degenerate by Depth d. Elementary row operations show that 
this matrix is non-degenerate when 



Note that the previous non-degeneracy conditions (14.271 ). (14.281 ) can be combined with (14.291 ) to imply that the 
three matrices in (14.291 ) are strongly non-degenerate. We assume this from now on. 

Induction argument. Proceeding in this way using induction on increasing odd or even depths up to Depth 
2d-2, the strong non-degeneracy of the d — I matrices (14.251 ) implies that 



The linear differential system for Abelian relations is then closed at weight d — 2. □ 

We are currently unable to prove that the matrices (14.251 ) are strongly non-degenerate for all d> 3. 

Remark 4.31. The strong non-degeneracy of the set of matrices (14.251 ) may be checked for small values of d on 
the computer It is true for dfrom 3 up to 100. The Maple code for this computation is included in Appendix. 

Example 4.32. Consider the case d = A, Fig. \4.2\ Each '•' represents the elements of J-d-2 = ^2- Each ' ®' 
represents the elements of -F^-i = which is to be determined by J-2- Each ' o' on a slant line represents the 
coefficients that give complementary linear equations for the lowest end ®. 

The thick horizontal line of height d — 1 = 3 bisects the slant lines, which implies that the number of linear 
compatibility equations match the number of unknowns represented by the nodes and o connected by a slant 
line. The analysis in this section shows that this system of linear equations has full rank for each depth from depth 
d — 1 = 3 to depth 2d — 2 = 6, provided that the integer matrices (14.251) for d = 4 are strongly non-degenerate. 



(4.29) 




,d+2 



(4.30) 



Fd-i = 0, mod I'd-2- 
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4.3. Proof of rank bound. Theorem 14.241 makes use of a part of the symbol of the hnear differential system for 
Abelian relations. It specifies the subset of variables f°j which span the remaining variables, and attempts to show 
that the differential system closes up at weight d — 2. 

In this section, we utihze all of the symbol. We show that the linear differential system for Abelian relations 
closes up at depth 2d — 4, and the rank of a Legendrian d-web is bounded by the expected value pd- 

Recall the definition of depth(/^ ) = i + 2j, Definition l48l Set 



:f'= {/"|depth(/")<5}. 



Our claim in this section is that 
(4.33) 



dr 



•2d-4 



= 0, mod 



and the linear differential system for Abelian relations closes up at depth 2d — 4. 

Consider the linear differential system for Abelian relations of depth < (2d — 4) + 1 of the Legendrian webs 
considered in Section [3] 



(4.34) 



dfij — f(i+i)j^°' + fi(j+i) ^ - ^/fi-i 
J n 



dx, 



for {ij) = (00), « < 0, i < 0, i + 2j > {2d - 4) + 1, 
with the linear constraints 

(4.35) Eql^ : (q^ + c{ (q'-\ /(.-2)(j+i)) - + 4- (q'-^ f(^^-2k){j+k)) - = 0, 

for < / < i. 



Here {r = dp-q'^dx, 6 = dy-pdx}; = {{qy , (q^Y , ... (q^YY, fij = (/i-, /2, ...ff^Y^ and q^'s are 
distinct constants. This system of equations is compatible by the arguments in the proof of Lemma 14. 12[ Lemma 

am 

For each depth 1, 2, 3, onehas 



The total sum is 
(4.36) 



depth 


number of variables f 


number of compatibility equations E(j 


1 


d 


2 


2 


2d 


1 + 3 


3 


2d 


2 + 4 


4 


3d 


1 + 3 + 5 


5 


3d 


2 + 4 + 6 




kd 






kd 


k{k + l) 


2d -4 


(d- l)d 


(d-lY 


2d -3 


(d- l)d 


(d- l)d 



( number of variables ) — ( number of compatibility equations ) 
= (d + Y^ 2kd\ - U + Y^k^ + + l) \ = Pd. 



k=2 



k=2 



The analysis of S ection l4!2l implies that our claim (14.331 ) is equivalent to that the (d — l)d constraint equations 
of depth 2d — 3 are linearly independent. We shall give a proof by the following argument. Let Sd denote the 
vector space of solutions to (14.341) with (14.351) . Since this linear differential system is compatible, (14.361) implies 
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that dimSd is at least p^i, and is strictly larger than whenever the given set of constraint equations are linearly 
dependent. It thus suffices to show that; a) dim Sd < Pd, b) every solution in Sd has depth < 2d — 4. 

Theorem 4.37. For d > 3, the rank of a Legendrian d-web is bounded above by pd = ('^~^)('^~^)(^'^+^) _ 

Theorem 14 . 3 7 1 no w follows from the following refinement of Theorem [331 

Lemma 4.38. Let W be the Legendrian d-web defined by the second order ODE's (13. lb . d > 3. The set of pd 
Abelian relations (13.141 ) are exactly the set ofAbelian relations of depth < {2d — 4) + 1, which are necessarily of 
depth <2d-A. 

Proof. Step 1. An Abelian relation of depth < {2d — 4) + 1 has weight < {2d — 4) + 1 by definition of depth and 
weight. Since the weight equals the degree as a polynomial in the variables {p, y}, an Abelian relation of depth 
< {2d — 4) + 1 is a polynomial in the variables {p, y}. 

The first integrals { Uq (g") , } for the foliation defined by the second order ODE y = are functionally 

independent (note Uo(g") = y, u'l{q"') = p, mod x). One may in fact linearly solve for the variables {p, y} 
in terms of { tio(g"), u'i{q°') }. A first integral for the given ODE which is a polynomial in {p, y} must be a 
polynomial (with constant coefficients) of { ul{q"'), uf{q"-) }. 

Step 2. From the identity (uf)^ = 2u2 + 2gug, one may choose as a basis for the vector space of such 
polynomial first integrals; 

uf-^\q'^) = {uir {ufr (uirign, 

where 

Jo + jl + J2 = "1 - 1 > 1, 

jo, J2 > 0, ji = 0, or 1, 

J = • io + 1 • Ji + 2 • i2 < 2m - 2. 
Note that each pair (m, j), m > 2, < j < 2m — 2, uniquely determines (jo, ji, ^2)- 



Step 3. We claim that 



(4.39) weight (u^+i) = io + ii + 2i2, 



depth(uj^+i) = 2jo+ji + 2j2. 

One checks that {uq, uf, ti^) has weight (1, 1, 2), and depth (2, 1, 2) respectively, and the claim follows by 
induction. 

Since ji = 0, or 1, the condition depth (u™^^) < {2d — 4) + 1 translates to the condition m < d. 

Step 4. Note that weight and depth uniquely determine (m, j). It follows from Lemma [J!9] and the analysis in 
Section |3] that it suffices to show, for each (m, j), 2 < m < d, < j < 2m — 2, that there are at most d — m 
independent Abelian relations of the form 

{viuj+\q^), V2uJ+\q^), ... , VduJ+\q'')), 

for constant coefficients {vi, V2, ■■■ Vd) (this imphes dim Sd = Pd)- 

From Lemma [J!9l again. is homogeneous of weight j ("weight" used in Section |3]l, and has degree 

m — 1 in the indeterminate variable q. One may check that each of m coefficients of u^^^{q) as a polynomial in 
q is nonzero (see (13.61 )). and hence linearly independent functions^ By Vandermonde identity (since q"- ^ q^ for 
a / b), the coefficient {vi, V2, ... Vd) as a vector in M°' must satisfy m independent linear equations. 

Step 5. From Step 4, only those u'p^^, 2 < m < d — 1, give rise to a nonzero Abelian relation. By ( 14.391 ). 
depth (7/7+1 ) = 2jo + Ji + 2i2 < 2jo + 2ji + 2j2 = 2m - 2 < 2d - 4. □ 

Proof of Theorem \4.37\ If the {d — l)d linear constraint equations of depth 2d — 3 in the table above were 
degenerate, there must exist a nonzero Abelian relation of depth 2d — 3 = (2d — 4) + 1. □ 



'^Evaluate uq, u\, u% at (x, y, p) — (—2, —1, 2), then each of them are of the form eo + Qei, with eo, ei > 0. 
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5. Legendrian 3-webs of maximum rank 

In this section, we give a local analytic characterization of the Legendrian 3-webs of maximum rank three, and 
determine their local normal forms. Proposition I5.6[ Theorem 15.91 We apply this result to the Legendrian 3-web 
associated with a pair of Riemannian metrics, Theorem l5.18l 

In planar web geometry there exists a unique planar 3-web of maximum rank one up to diffeomorphism, which 
is locally equivalent to a set of three families of parallel lines in the planel3 In contrast, the results of this section 
show that the local moduli space of Legendrian 3-webs of maximum rank is generally two dimensional, and there 
already exist many non-trivial examples. 

5.1. Local normal forms. 

5.1.1. Equivalence problem for Legendrian 3-webs. In this sub-section, we employ the equivalence method of E. 
Cartan and determine the local structure equation for the Legendrian 3-webs in a contact three manifold. 

Let X be a contact three manifold. Let C = ( 6* ) be the contact line bundle generated by a contact 1-form 6. 
Let X°- C T*X, a = 1, 2, 3, be the rank 2 sub-bundles that define a Legendrian 3-web W. Up to scaling and 
adding multiples of 0, one may arrange the generators X" = ( 0; 0" ) such that 

(5.1) ^1+^2^03^0. 

Let Bq be the sub-bundle of the principal frame bundle of X defined by the relation (15.1b . We continue to use 
6; 0", a = 1, 2, 3, to denote the corresponding tautological 1 -forms on Bq. The structure group of the bundle 
Bq acts on (9; 6'', a = 1, 2, 3, by 

for nonzero scaling constants e', e, a permutation cr G Ss, the symmetric group on three letters, and for translating 
constants t", + = 0. 

From the general theory, the tautological 1 -forms satisfy the following structure equation. 

(e^\ (a ■ /0i\ /si0iA02\ 

(5.2) d\9^ \ = -{ ■ a /32 A 02 + ^2 ^1 ^ ^2 1 

Here a, /J^, /32, /? are pseudo-connection forms, and s, s^, s"^ are torsion coefficients. It is easily checked that 
one may use the group action along the fibers of Bq ^ X to normalize so that 

S = 1, fil = s2 = 0. 

After modifying the pseudo-connection 1-form a as necessary, one consequently arrives at a sub-bundle B C 
Bq on which the following structure equation holdsO 

/0i\ fa ■ -X /0i\ /0A(i?0i + 502)\ 

(5.4) d\e^\=-{- a ■ \ A \e^\ + \e A{Te^ -Re^)\ . 

\9 J \- ■ 2aJ \9 J \ 01 A 02 J 
Here R, S, T are new torsion coefficients. The exterior derivative identity d{d{9)) = implies 

(5.5) da = e A{N9^ +19'^), 
for coefficients N, L. 

1" See ill 1129 il for the geometry associated with the hexagonal planar 3-webs. 

The structure group of the principal bundle B acts on 9; r, a = 1, 2, 3, by (9,9") {sgn(a)e^ 9, er<"'), for a nonzero 

scaling constant e, and a permutation by ct £ S3. For example, under the permutation (9^, 9^, 9^) — ^ {9^, 9^, 9'^), the torsion 
coefficients transform to 



(5.3) 







f R 










-I) 
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Proposition 5.6. Let W be a Legendrian 3-web on a contact three manifold X. There exists a sub-bundle B of 
the GL3M principal frame bundle of X on which the tautological 1-forms 9; 9"", a = 1, 2, 3, satisfy the structure 
equations (15. lb . (15.41) , (15.51) . The functional relations among the torsion coefficients R, S, T, N, L and their 
successive derivatives are the basic local invariants of W. The algebra of local symmetry vector fields of W is at 
most four dimensional, and it is four dimensional whenever the torsion coefficients R, S, T, N, L all vanish. 

Proof. The algebra of local symmetry vector fields of W is four dimensional when R, S, T, N, L are all con- 
stants. Since they scale along the fibers of the bundle B, e.g., dR = 2Ra, mod 9, 9^, 9'^, this occurs only 
when R, S, T, N, L all vanish. The rest follows from the general theory of equivalence method. We omit the 
details. □ 

It will be shown in the next sub-section that the condition for a Legendrian 3-web to admit maximum number of 
Unearly independent Abelian relations is expressed as a set of first order differential equations for the coefficients 
R, S, T, N, L. 

Proposition l5.6l implies the following corollary on the intersection of the local algebra of symmetry vector fields 
of two distinct path geometries on a surface. Let M be a two dimensional manifold. Let F{TM) — )• M be the 
projective tangent bundle equipped with the canonical contact structure. Recall that a path geometry on M is a 
(local) Legendrian foliation on P(TM) transversal to the fibers of the projection F{TM) — )■ M, [7l. 

Corollary 5.7. Let T± be a pair of distinct path geometries on a two dimensional manifold M. Let p± C X{M) 
be the algebra of symmetry vector fields for T± respectively (here X(M) is the algebra of vector fields on M). 
Then 

dim p+ n p_ < 4. 

The equality holds whenever the pair T± is locally equivalent to the pair of path geometries defined by the second 
order ODE's 

y = 9±5 Q+j Q- are distinct constants. 

Proof. The prolongation of the intersection p+ n p_ to P(TM) is the symmetry algebra of vector fields for the 
Legendrian 3-web defined by T±, and the fibers of the projection P(TM) — )• M. □ 

5.1.2. Abelian relations. In this sub-section, the general computational algorithm for Abelian relations established 
in Section|4]is applied to the case of Legendrian 3-webs of maximum rank three. We give the local normal forms 
for such 3-webs in terms of a set of second order ODE's. 

We continue the analysis of Section |5TT] 

Let 

n' = f9' + g'9, 
n' = f9' + g'9, 

denote the sections of X", a = 1, 2, 3, that satisfy the additive relation J2b — 0- The covariant derivatives of 
/, , are denoted by 

df = fa + fi9' + f29^ + fo9, 
dg^ = 2g^a + g\9^+g\9^ + gl9, 
dg^ = 2g^a + gl9^+gl9^+gl9. 

We shall adopt the similar notational convention for the covariant derivatives of the structure coefficients 
R, S, T, N, L, e.g., dR = 2Ra + Ri9^ + R2 9'^ + Rq 9, etc. 
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The defining equation dfl"" = 0, a = 1, 2, is equivalent to that 

/2 = g^, fi = 

gl = Sf, gl = Tf, 
gl = fo + Rf, gl = /o - Rf. 
With this relation, the exterior derivative d{d{f)) AO = gives /o = 0. d{d{f)) = now gives 

gl = -Lf + Sg^ + Rg\ 
gl = Nf-Rg^ + Tg\ 

The linear differential system for the coefficients { /, 5^, 5^ } closes up at this step. 

The exterior derivative identities d{d{g^)) = 0, d{d{g^)) = give the following three compatibility equations 
for a Legendrian 3-web to admit an Abelian relation, 

{So + L2)f + i-Si + iL)g' - S2g^ = 0, 
{Ro + Li)/ + (2iV - Ri)g^ + {-Si - L)g^ = 0, 
(-To + iVi)/ + Tigi + (-3iV - Ri)g^ = 0. 

In order for the 3-web to have maximum rank three, these equations should hold identically and each of the nine 
coefficients of /, g^ , g^ in the above must vanish, otherwise the rank is strictly less than three. This implies, after 
a short computation, that the structure coefficients of a Legendrian 3-web of maximum rank must satisfy 

(5.8) dR = dS = dT = 0, mod a, 

N = L = 0. 

Take a section of the frame for which a = 0. Then R, S, T are constants, and (15.41 ) becomes the structure 
equation of a Lie groupQ Hence a Legendrian 3-web of maximum rank three is necessarily homogeneous. 

Theorem 5.9. Let X be a contact three manifold. Let W be a Legendrian 3-web on X of maximum rank three. 
Then W is locally equivalent to a left invariant homogeneous Legendrian 3-web on a three dimensional Lie group. 
There exists a local contact isomorphism of X with the 1-jet space J^(]R, M) equipped with the canonical contact 
structure such that W is defined by the integral curves of the following set of second order ODE's. Note that 
R, S, T's in the expressions below are the (constant) structure coefficients of (15.41 1 with a = 0. 

• Case R^ + ST = 0. When R = S = 0, 

y" + = 0, 
y" +Ty + l = 0, 

and the Legendrian foliation by the fibers of the projection J^(M, M) — )■ J'^(M, M). 
The general cases are obtained by applying the linear action ( 15.111 ) to ( 15.121 ). 

• Case R^ + ST> 0. When R> 0, S = T = 0, 

(5.10) y" + Riy'f = 0, 

y" - R{y'f = 0, 
y" +Rtaiih.{Ry){y'f =0. 

The general cases are obtained by applying the linear action (15.111 ) to (15.131 ). 

• Case R^ + ST < 0. 



See (6] p29] for a classification of three dimensional Lie groups. 
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When R = 0, -S = T <0, 



y" -TtMTy)iyT = 0, 

y" +Tcot{Ty){y'f = 0, 



y +T 



cosjTy) - sm{Ty) 
cos(Ty) + sm(Ty) 



0. 



When R = 0, —S = T^O generally, 



/+tan(ry)(l-r(y')') =0, 

/-cot(ry)(l-r(y')') = 0, 
// cosfTy) — sinfr?/) , ^, ,,9, 

y — L - / (i-^(^) ) = "• 

cos(i y) + sin(i y) 

The general cases are obtained by applying the linear action ( I5.1 II ) to ( |5.14b . (I5.15I ). 

Proof. The proof is by direct computation. Set the contact 1-form 6 = dy — pdx. Then 9 and 0^, 0^ below satisfy 
the structure equation (I5.4I ). (15.81 ) with a = 0. Note that under the hnear action by a matrix g G SL2M, 



(5.11) 



then 



R S 
T -R 



R S 
T -R 



-I 



• Case R^ + ST = 0. Up to the conjugation (15.111 ). one may assume either i? = 5 = 0, T / 0, or 

i? = S = T = 0. Set 

(5.12) e^ = dx, 

O"^ = dp + Tydx, 
+9"^ = dp + {Ty + l)dx. 

• Case R^ + ST > 0. Up to the conjugation ( 15.111 ). one may assume ii > 0, S = T = 0. Set 



(5.13) 



+ 



9' = S^(* + V<iA 

^2 ^ exp {-Ry) 

V2Rp 
2 _ 2cosh(i?y) 



/2Rp 



{dp — Rp'^dx), 
{dp + i?tanh {Ry)p^dx). 



• Case R^ + ST < 0. Up to the conjugation (15.111 ). one may assume either i? = 0,— 5 = T<0, or 
R = 0, -S = T > 0. 
In case T < 0, set 



(5.14) 



9^ = ^^^M^{dp -Ttan{Ty)p^dx), 
y—Tp 

^2 _ ""'^^y^dp + T cot{Ty)p''dx), 



+ 



y/—Tp 
^2 ^ cos{Ty) + sm{Ty) 
\/—Tp 



{dp + T 



cos(Ty) — sin(Ty) 
cos{Ty) + sm{Ty) 



■p^ dx). 
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In the general case, set (this also works for the case T < 0) 



(5.15) = ^ {dp + tan(ry)(l - Tp'^)dx), 




Consider the case R = 1, S = T = 0. The general solutions to the given set of ODE's ( I5.10I ) are 



y= ln(eix + e2), 
y = -ln(e^x + e2), 

y = arcsinh( efx + e^), e* 's are constants. 



The three Abelian relations are 



(eV, e-V, -2cosh(y)y'), 

(e^(xy'-l), e~^(xy' + l), -2 cosh(y)xy' + 2 sinh(y) ) , 

11 2 

( e^(x^y' - 2x + — ), e"^(x^y' + 2x + — ), -2 cosh(y)j;^y' + 4x sinh(y) 




)• 



The Abelian relations for the other cases can be determined in a similar way by direct computation. 

5.2. A pair of geodesic foliations with Abelian relations. In this section, we give an application of Proposition 
l5.6l to the case the Legendrian 3-web is defined by the geodesic foliations of a pair of two dimensional Riemannian 
metrics, Definition l5.16l Proposition [521 implies that such a Legendrian 3-web has maximum rank three whenever 
the pair of metrics share three dimensional algebra of projective vector fields. The classification result of lH then 
immediately gives the local normal forms for such pair of metrics, Theorem l5.9l 

Let M be a two dimensional manifold equipped with a Riemannian metric g. Let F{TM) — )• M be the 
projective tangent bundle with the canonical contact structure. The geodesic foliation of g on F{TM) is by 
definition a Legendrian foliation. A finite set of Riemannian metrics on M in this way give rise to a geodesic 
Legendrian web on F(TM). 

Definition 5.16. Let g± be a pair of Riemannian metrics on a two dimensional manifold M. Under an appropriate 
transversality condition!^ the Legendrian 3-web yVg_j_ on P(TM) associated with g± is the 3-web defined by 
the geodesic foliations of g±, and the fibers of projection F{TM) — )■ M. The pair of Riemannian metrics are 
maximally geodesically compatible when the associated Legendrian 3-web Wg^ has maximum rank three. 

Let us recall some of the relevant facts on the two dimensional Riemannian metrics. We refer to fl1lll24lll23l for 
the details. 

Let M be a two dimensional oriented Riemannian manifold with the given metric g. Let vr : FM — )• M 
be the S02-bundle of oriented orthonormal frames. Let {cj^, o;^} be the canonical 1-forms on FM such that 
'K*g = (w^)^ + (w^)^. The Levi-Civita connection 1-form p, and the Gauss curvature function K are uniquely 
determined by the structure equation 



(5.17) 



duj^ = —p A w^, 
duj^ = p Aoj^ , 
dp = Kuj^ Aw^. 



^ See Step 1 in Section l5.2.l"] 
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Differentiating the last equation, the higher order covariant derivatives of K are inductively defined by 

dK = Kiw^ + i^2^^ 

dKi = -K2P + Knuj'^ + ^^l2^^^ 

dK2 = Kip + Kaio;^ + -f^22^^^ K12 = K21, etc. 

The set of un-parameterized geodesies of g defines the geodesic flow (foliation) Tg on P(TM), which is 
naturally extended to the tangent bundle TM — )• M. Let S'^{T*M) — > M be the bundle of symmetric A;-forms 
on M considered as functions on TM which are homogeneous of degree k on the fibers. Set 

Ik{g)= {a gC°°{S''{T*M))\ a is a first integral for }, 

Qkig) = dimensionM/fc(5)- 

The dimensions Qkig), k = 1, 2, ... , are the basic integral invariants of a two dimensional Riemannian metric g. 

The following results on Ik{g) for /c = 1, 2, 3, are known. The class of Riemannian metrics that are of interest 
to us are the so called Darboux super-integrable metrics, for which Q2 (g) = 4. 

hig): 

An element of Ii{g) corresponds to a Killing vector field of g. For any metric g, Qi{g) = 3, 1, or (generic 
case); 

Qiio) = 3 when (7 is a metric of constant curvature. 

Qi{g) = 1 when g admits a Killing vector field, which is unique up to scale. An analytic characterization of this 
class of metrics is given in [ 15]. For example, the curvature must satisfy the second order equation KiK2{Kii — 
K22) - {Kl - Ki)K2i = 0. 

hig): 

An element of hig) corresponds to a Riemannian metric projectively equivalent to g, ll23l . For any metric g, 
Q2{g) =6, 4, ... , or l(generic case); 

Q2{g) = ^ when (7 is a metric of constant curvature. 

Q2{g) = 4 when g admits a Killing field igi{g) = 1), and the curvature of g satisfies an additional set of 
second, and third order differential equations. This class of metrics are called Darboux super-integrable, |4|. 

Darboux super-integrable metrics are equivalently characterized as having three dimensional algebra of pro- 
jective vector fields. Q gave, among other things, the explicit local normal forms for Darboux super-integrable 
metrics combining this observation with a classical result of Lie on the classification of the algebra of projective 
vector fields on the plane. 

^3(5): 

The case of cubic integrals are studied in ll24l . For any metric g, g3{g) < 10, and g3{g) = 10 when 5 is a metric 
of constant curvature. It is possible that the next admissible value of Q3{g) is 4, which is attained by the Darboux 
super-integrable metrics. 

The main result of this section is that a two dimensional Riemannian metric admits a maximally geodesically 
compatible mate g^ when g^ is either of constant curvature, or Darboux super-integrable. Note from the remark 
above Theorem 15.91 that a Riemannian metric admitting a maximally geodesically compatible mate has at least 
three dimensional algebra of projective vector fields. 

Theorem 5.18. Let gj^ be a two dimensional Riemannian metric, gj^ admits a maximally geodesically compatible 
mate g- whenever gj^ is either of constant curvature, or Darboux super-integrable. Let TZg^ denote the moduli 
space of Riemannian metrics maximally geodesically compatible with the given metric g^. Then, 

a) when gj^ is of constant curvature, TZg^ consists of 10 parameter family of metrics of constant curvature, and 
8 parameter family of Darboux super-integrable metrics. 

b) when g^ is Darboux super-integrable, TZg^ consists of 5 parameter family of metrics of constant curvature, 
and 4 parameter family of Darboux super-integrable metrics. 
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Let us mention that many of the metrics in this theorem are geodesically equivalent. For example, for the 
Darboux super-integrable metric 51+ considered in Section [5.2.2[ all of the 5 parameter family of mates of constant 
curvature are geodesically equivalent, and the 4 parameter family of Darboux super-integrable mates are foliated 
by 3 parameter families of geodesically equivalent metrics. 

5.2.1. Differential analysis. The differential analysis for the proof of Theorem 15. 181 is a straightforward applica- 
tion of the over-determined PDE machinery. Due to the complexity and size of the algebraic expressions involved, 
the computations were performed on the computer algebra system Maple. Let us record the relevant steps of the 
analysis, only for the case of Darboux super-integrable metrics. The analysis for the constant curvature metrics is 
similar, and shall be omitted. 

Given a Darboux super-integrable metric on a two dimensional manifold M, let FM — )• M be the associ- 
ated oriented orthonormal frame bundle. Let { w^, w^, p} be the structure forms on FM that satisfy the structure 
equation (15.171 ). From the general theory, the geodesic foliation of g+ on FM is defined by the rank 2 sub-bundle 

X+ = (a;^ /)) C T*FM. 

Here o;^ defines the canonical contact structure on FM. 

Step 0. Let g- be another metric on M. When pulled back to FM, one may write 

for a (7_ -orthonormal coframe {77^, "rf}, where 

(5.19) ^?^ = aa;^ + 6w^ 

2 2 

for variables a, b, c. Let tp denote the connection 1-form for {rj^, r/^ } so that 

(5.20) dr]^ = -^^rf, 

dip = Qr]^ A if, 

where Q is the curvature of the metric g^. 

Differentiating (15.191) . the structure equation (15.201 ) implies that 

da = —bp + aiuj"^ + 020;^, 
db = ap — cip + biuj"^ + 620;^, 

dc = blp + ClU!^ + C2U}'^, 

where 02 = bi. Here aj, bj, c/s denote the covariant derivatives of a, b, c. The connection form is given by 

ip = -icp + toj^ — cio;^), 
a 

for a variable t. Differentiating this equation, one may write 

dt = 2cip — aiip + tiuj^ + t2Uj'^. 

Let us remark here that we shall adopt the similar notational convention for the rest of the analysis, i.e., dai = 
auu!^ + ai2W^, mod p, tp, etc. The curvature Q for the metric g^ is for example given by 

(5.21) Q = + 
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Step 1. Set the rank 2 sub-bundles 



I' 



-0 



( W^, C/9 + tUJ^ ). 



X 



Then the set of three foUations defined by {X^, X^ } is the Legendrian 3-web on FM, under the non- 
degeneracy assumption that a, t ^ 0, which we assume from now on. 

Step 2. Following the analysis of Section [5TT1 it is a straightforward computation to determine the associated 
coframe 6, O"", a = 1, 2, 3, and a, for Wg^ that satisfy the structure equation (15.41) . (15.51 ). The torsion coefficients 
R, S, T, N, L are then determined as rational functions in the successive derivatives of a, b, c, t. 

Step 3. The claim is that the integrability condition (15.81 ) for the Legendrian 3-web Wg^ to have maximum 
rank three allows one to close up the structure equation for a, b, c, t. 

Differentiating R and evaluating modulo a, w^, one may solve for {c2i, t2i } in terms of the rest of the 
variables. Differentiating S and evaluating modulo a, co"^, uj^ with these relations, one may solve for {62}. 
Successively differentiating this equation for 62 > one may solve for { b2i, 622, C2 }. Successively differentiating 
again the equation for C2, one may solve for {611, 022}- 

Differentiating R and evaluating modulo a, u^, p, one may solve for { t22 }■ This implies that dR, dS = 0, 
mod a. 

Step 4. At this step, the remaining undetermined second derivatives of a, b, c, t are on, cn, tn. Introduce 
the third order derivatives dan = amoj^ + aii2W^, mod p, etc, for these variables. 

From the exterior derivative identities d{d{ai)), d{d{ci)), d{d{ti)) = 0, one may solve for {aiu, cu2, ^112 }• 
From the exterior derivative identity d{d{bi)) = 0, one may solve for { cm }. Differentiating T and evaluating 
modulo a, with these relations, one may solve for { am, tm }. The structure equations for a, 5, c, t now 
close up at this step. We remark that one already has da = 0. 

Step 5. A key integrability equation is obtained from the identity d{d{^aii — 2cii)) = 0, which gives 



Assuming the metric gj^ is not of constant curvature, one may solve for { ci }. Differentiating this equation for 
ci, one may solve for { cn }. 

Step 6. Differentiating T and evaluating modulo a, one may solve for { tn }. Differentiating this equa- 
tion for til, one may solve for {ti, t2 }■ Note that the set of remaining independent variables at this step are 

{a, b, c, t; ai, bi, an }. 

Taking the exterior derivative d{d{aii)) = 0, the resulting single integrability equation factors into two parts. 
The vanishing of the one part is equivalent to that the curvature Q of the metric is constant. Assuming this is 
not the case, the vanishing of the other integrability equation allows one to solve for { 61 }. Differentiating this 
equation for bi, one may solve for { an }. 

At this stage, the remaining independent variables are { a, 6, c, t; ai }, and the structure equations for these 
variables are compatible. Since the metric g^ is well defined on the surface M, and is invariant under the SO2 
action along the fibers of FM — > M, from the general theory it follows that the moduli space TZg^ is generically 
5 — 1 = 4 dimensional. 

The analysis for the case when the metric g^ has constant curvature follows the similar path. □ 

5.2.2. Example. Lie classified the possible local symmetry Lie algebras, and the representations thereof, of pro- 
jective vector fields on the plane. Bryant, Manno, & Matveev used this classification to give explicit local normal 
forms for the two dimensional (pseudo) Riemannian metrics admitting a transitive algebra of projective vector 
fields, f4l. In this sub-section, we apply these results to our setting and give explicit examples of the maximally 
geodesically compatible pairs of Darboux super-integrable metrics. We shall closely follow the notations in [4]. 
Let ( x, ?/ ) be a local coordinate of M^. Let gj^ be the Darboux super-integrable metric 



Sati^i + {tb + cai -2aci)K2 = 0. 



(5.22) 



g+ = e^^dx^ - ID+e^'dy^ 
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The projective connection associated with g^, or equivalently the equation of un-parameterized geodesies of 
is given by the second order ODE 

(5.23) y" = y + D+e-'-iy')\ 

The local symmetry algebra of (15.231) is generated by 

(5-24) TT + ^^TT' 2y7r + yV • 

oy ox oy ox Oy 

One may verify by direct computation that the projective connection invariant under (15.241) is defined by the 
second order ODE's of the following form 

(5.25) y" = ]^y' + De~'^'^{y'f, L> is constant. 

This projective connection is flat whenever D = 00 Since we are considering the pair of Darboux super- 
integrable metrics, assume D / 0. 

The maximally geodesically compatible mates of gj^ share the local symmetry algebra of projective vector 
fields. It thus suffices to find the metrics which has (15.251 ) as the equation of un-parameterized geodesies. Consider 
for example the metrics of the form 

g- = E{x, y)dx^ + G(x, y)dy^ . 
Then g^ is a mate of 5+ with the equation of geodesies (15.25b whenever 

g(x+ci) 

E(x,y) = E(x) = 7 ; — ^ — , 

G{x,y) = G{x) = I , D / D+; ci, C2 are constants. 

The three (un-differentiated) Abelian relations for the Legendrian 3-web Wg^ are; 

— 2L'+e~^y2p2 _|_ 4^,2 _|_ ^Xy2 _ /^p^Xy 2De~^y'^p'^ — Ap^e^ — e^y^ + Ape^y _^ 2\ 



2p^(D-D+) ' 2p^(D-D+) 



-e y 



—2D+e ^yp^ — 2pe^ + e^y 2De ^ yp^ + 2pe^ — y _^ 

^ 2p2(D - D+) ' 2p2(D - D+) ' 

-2L>+e-V + e'^ 2De- V - 

^ 2p^D-D+) ' 2p'^{D-D+)' ~^ ^' 

6. Concluding remarks 

1. As stated in Section [TJ the purpose of the present paper is to propose the Legendrian web for a second order 
generalization of the planar web. The list of dualities associated with the rank 2 simple Lie groups in Fig. 16. II 
provides an algebro geometric perspective on this generalization, |8]. Here Z', Z, Z are the respective incidence 
spaces. 

It is a natural extension to consider the analogous problem for the webs on defined by the horizontal folia- 
tions with respect to the G2 invariant rank 2 distribution (Cartan distribution). 

2. Given a set of n + 2 points { p^, p^, ... p"+2 | jj^ j^p" jj^ general position, the associated exceptional n + 3 
web En+z consists of the n + 2 bundles of lines with vertices p"'s, and the family of rational normal curves 
through p"'s. Damiano in his thesis gave a characterization that, up to diffeomorphism, En+d, is the unique non- 
linearizable quadrilateral web of curves in dimension n, flT]. He also showed that 8n+z is of maximum rank 
based on the observation that En+d, naturally occurs on the (smooth part of) configuration space of ordered set of 



This shows in particular that the five parameter family of metrics of constant curvature which are maximally geodesically compatible 
with the given metric g+ are all geodesically equivalent. 
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Figure 6.1. Dualities associated with the rank 2 simple Lie groups. 



n + 3 points in MP^, which is essentially the quotient space of the Grassmannian (S'r(2, M"+^) by the Cartan 
subgroup of SL„+3M. Modulo the codimension one subspace of combinatorial Abelian relations, the remaining 
single non-combinatorial Abelian relation is given by the trace of the appropriate power of the harmonic form 
representing the Euler class of the canonical bundle of Gr{2, M""*"^). 

It would be interesting if such a geometric construction exists for Legendrian webs. 

3. We currently do not have any nontrivial examples of Legendrian 4-webs of maximum rank eleven. Let us 
give a description of one candidate. 

Let ( ^ ) be the coordinate of M^. Let w = dx^ A dx'^ + dx^ A dx^ be the standard symplectic 

2-form. Let C be the unit sphere equipped with the Ua-invariant induced contact structure defined by the 
contact 1-form 6 = —x'^dx^ + x^dx'^ — x'^dx^ + x'^dx^. Consider the Legendrian 4-web W on a generic small 
open subset of defined by the rank 2 sub-bundles 



Each of the four sub 3-webs of W has rank 0, and W is distinct from the examples in Section[3] Is W algebraic 
in any way? 



We record the Maple code to verify that the set of matrices in Theorem 14.241 are strongly nondegenerate. 

Step 1. This procedure defines the coefficient c^. 

> c :=proc (i, j ) 

if j < then 

elif j > i/2 then 

else i ! / (2^* { (i-2* j) ! ) * j ! ) fi: 



Step 2. M[d,k,s] is defined as the upper-left comer s-by-s sub-matrix of the k-th matrix (of size d-k) from 
Theorem 14 . 241 whose (l,l)-entry is cjj^'^"^. 

> for d from 3 to 100 do 

for k from 1 to d-1 do 

for s from 1 to d-k do 

M[d,k,s]:= Matrix{s, s, (i, j) -> c (d+k-i, k-i+ j ) ) : 
end do: 
end do: 
end do: 

Step 3. This procedure checks the determinant of M[d,k,s]. 

> for d from dO to dl do 

for k from 1 to d-1 do 

for s from 1 to d-k do 
if det (M [d, k, s] ) =0 

then print { [d, k, s] ) 



X" = {0, dx"}, a = 1, 2, 3, 4. 
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end : 
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elif [d,k,s] = [dl, dl-1,1] 

then print ([ d, k, s ] ) 
else fi: 
end do: 
end do: 
end do: 

The Maple computation confirms tlie claim for d up to 100. 
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